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Abstract. This paper is devoted to study the existence of solutions and the 
monotone method of second-order periodic boundary value problems when 
the lower and upper solutions a and /3 violate the boundary conditions a(0) = 
ct(2ir) and /3(0) = 0(2n). We present several comparison results. We show that 
the method of lower and upper solutions coupled with the monotone iterative 
technique is valid to obtain constuctive proof of existence of solutions. 



1. Introduction 

In this paper, we are concerned with the existence of solutions and the monotone 
method for periodic boundary value problems (PBVP, for short) of second-order 
differential equations of the form 

-u" = f(t,u), u(0) = u(2tt), u'(0) = u'(2tt), (1.1) 

where / € C[I X R,M], I = [0,2tt]. 

It is well known that if a and /3 are lower and upper solutions for (jl.ip . respec- 
tively, with a < (3 on [0, 2ir] and satisfy 

a(0) = a(27r) , /3(0) = /3(2tt) (1.2) 

a'(0) > a'(27r) , /3'(0) < /3'(2tt), (1.3) 

then the existence of solutions has been proved by using an abstract existence 
theorem (see, for instance pQ, [5]). Moreover, the extreme solutions have been 
obtained as limits of monotone iterates. The problem of proving the existence of 
solutions when the conditions (jl.3l) are violated has been investigated in detail; (see, 
e.g., [3J, [3] for an excellent bibliography). In [3J, [1], only the monotone iterative 
method has been discussed. In this paper, Our main objective is to investigate the 
case when a and f3 violate the relations of (|1.2I) . Motivated by the studies in [3J , and 
[3], we will establish some comparison results that will be useful later. In the last 
section we will show the validity of the upper and lower solutions method as well 
as the monotone iterative technique if adding one-side Lipschitz condition to f(t, it). 
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2. Linear periodic boundary value problem 

Let M, A, fi G R with M ^ and a e C([0, 2tt],R). The solution of the linear 
problem 

+ M 2 u(i) = ait) 
u(0) - u(2tt) = fj, (2.1) 
u'(0) - u'(2tt) = A 

is given by 

Alt r-t p -Mt ft 

u(t) = C ie Mt + C 2 e- Mt - — J e- Ms a( S )ds + — ^ e Ms a(s)ds (2.2) 



where 



2tt 

Ms, 



Cl = 2(1 - e^) 0* + m) - 2M(1 _ e2 .M) _/ o e" V(.)d., 

1 A b -2ttM r2n 

C 2 = 2(1 _ e _ 2 ^ M) (M - ^) + 2M(1 _ e _ 27rM) / o e M V( S )d S . 

Theorem 2.1. Let u G C 2 ([0, 27r], R) and suppose that there exists oj G C([0, 27t],R), 
w > on I = [0, 27r] such that 

-u"(t) + M 2 u(t) + w(t) < 0, t £ I 

it(0) - u(2n) = /i (2.3) 
u'(0) - u'(2tt) = A 

and 

r 2-!r 

(e Ms + e- M(s - 27r ' ) )uj(s)ds > iiM{e 27rM - 1) - A(e 27rM + 1). (2.4) 

o 

Then u < on /. 

Proof. Note that -u"(t) + M 2 u{t) + uj(t) = a with a < on /. Using (fz\2|) and 
(l2~4l) we have that 



«(0) = Ci+C 2 



1 A 1 A 

(^+77) + TTTi — YTmT^ - Tj) 



2{l-e 2 * M y M' 2(1 - e - 27rAf ) vf ~ M 

2tt g Ms i g-M(s-27r) /-27r g Ms _|_ g -Af(s-27r) 



2M(l-e«) + 2M(1 _ e 2,M) 



and 

, , 1 

" 2M(1 - e 2vM ) 
< 0. 



2tt 



Now, if u(i) > for some t G (0, 27r], then m&x{u(t), t G [0,2-7r]} > 0. By taking 
u(t*) = max{u(t), t G [0, 2vr]}, we have u'(t*) = and u"(t*) < 0. 

From the inequality -u"{t*) + M 2 u(t*) + u(t*) < we get that u"(t*) > 
which is a contradiction. □ 

This result gives us several useful consequences. 
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Corollary 2.2. Let u £ C 2 ([0, 2tt],R) such that -u"(t) + M 2 u(t) < for t e I 
and 

.(0)-,(2 7 r)< Mtan 1 h(7rM) K(0)-u-(2 7 r)). 

Then u < on I. 

Proof. It is result immediately from Theorem l2.il □ 

Corollary 2.3. Let u g C 2 ([0, 2tt], R), weR,w>0 suc/i iftai + M 2 u(t) < 

—uj for t £ /, 

,(0)-,(2 7 r)> Mtaii 1 h(7rM) K(0)-^(2 7 r)) 

and 

» > £ w» - «*o - ffsag^ cw) - »'«)]■ m 

TTien u < on /. 
Proof. We have 

r (e Ms + e -M( S -2 W ) )wds = ^ (e 2-M _ iy 



K ' ~ M y ' 2 LP Mtanh(TrM) J 

> fj,M(e 2nM — 1) — X(e 2wM + 1). 
By virtue of Theorem 12. II we get that u < on /. □ 

Theorem 2.4. Le£ it e C 2 ([0, 27r], R) and suppose that there exists to g C([0, 27r],R), 
w < on L — [0, 27r] such that 

-u"{t) + M 2 m(<) + u(t) > 0, t g I 

u(0) ~ u(2n) = /i (2.6) 
u'(0) - u'(2tt) = A 

and 

r 2ir 

{e Ms + e- M ( s - 2 ^)oj(s)ds < fxM(e 2 * M - 1) - A(e 27rM + 1). (2.7) 



From (|2.5[) . we obtain 



Tnen u > on /. 

Proof. The same argument as in Theorem 12.11 will be used. □ 

3. Existence theorems 

We now consider the nonlinear boundary value problem 

-u"(t) = f(t,u(t)), u(0) = u(2tt), u'(0) = u'(2tt) (3.1) 

where / € C([0, 27r] x R, R). Relative to the lower and upper solutions a, /3 of the 
problem (|3.1[) . we shall list the following assumptions: 

(A x ) aj6 C 2 ([0,2tt],R), a(t) < /3(t) on [0,2tt], and 
f(t,u) - f(t,v) > -M 2 (u-v), te [0,2tt], for any -u, u g R such that 
a(t) < v < u < P(t). 
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(A 2 ) -a" < f(t, a), t £ [0, 2?r], a(0) - a(27r) < 0, a'(0) - a'{2n) > and 
-P" > /(*, /9), * e [0, 2tt], 0(0) - /3(2tt) > 0, /3'(0) - /3'(27r) < 0. 



Theorem 3.1. (Upper and lower solutions method). Let (A±) and (A2) hold. Then, 
the problem (|3.1[) is solvable. 

Proof. Foru £ R, we set p(t, u) = min{/3(f), max{w, a(t)}}. Thus, for it G C 2 ([0,27r],; 
we define the function u(t) = p(t,u(t)). We now consider the modified problem 

-u"(t) + M 2 u{t) = F(t, u{t)), t£l 

u(0) = u(2tt), u'(0) = «'(27r) 1 j 

where F(t,u{t)) = f(t,p(t,u(t))) + M 2 p{t,u(t)). 

The problem (13.21) admits a solution given by (12.2[) where /z = A = 0, and 
er(i) = F(t, u(t)). Note that if u is solution of (13.2[) such that a < u < f3 on /, then 
u is actually a solution of (|3.1|) . We shall prove that any solution of (|3.2j) is such 
that a < u < f3 on I. Thus, we obtain that (|3.1[) has at least one solution. 

Indeed, let v = a — u. Then using (Ai) we have that for every t £ I, 

-v" + M 2 v + {a" + f(t, a)) = -[/(<, u) - f(t, a) + M 2 (u - a)} 

< 0. 

Now, using Theorem 12. 1[ we obtain that v < on /. Similarly, we have that u < j3 
on I. □ 

Theorem 3.2. (Monotone method). Let (A±) and (A2) hold. Then, there exist 
monotone sequences {a n } /*■ <j), and {/3 n } \ ip uniformly on J with ao — a and 
(3q = [3. Here <j) and ip are the minimal and maximal solutions of (|3.1j) respectively 
between a and j3, that is, if u is a solution of (13. ip with a < u < j3 on L, then 
<j) < u < ip on L . Moreover, these sequences are such that ao < ••■ < ot n < ... < 
Pm < ■■• < Po, for every n, m £ N. 

Proof. For 77 G [a, [3] = {n G C([0,2n],R) : a < r\ < [3 on I}, let us consider the 
linear periodic boundary value problem 

-u"(t)+M 2 u(t) =<r v (jb) , . 

u(0) = u(27r), u'(0) = u'(2tt) 1 j 

where a(t) — cr^(t) = f(t,rj(t)) + M 2 n(t). This problem has a unique solution 
given by 

Mt ft -Mt ft 

u(t) = C x e Mt + C 2 e- Mt - — ^ e- Ms a(s)ds + — J e Ms a(s)ds, (3.4) 



where 



e 2nM 



2M (1 - e 2 * M ) J K ' ' 

To prove uniqueness, let u(i) another solution of (|3.3p and define to(£) = —v(t). 
We see that 

-to"(t) + M 2 w{t) = 0, io(0) = w(2n), u/(0) = w'(27r). 
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Hence, by Corollary [221 it follows that w(t) = 0, which shows v(t) — u(t). Hence 
for any 77 £ [a,0\, we define an operator A by Arj = u, where u is the unique solution 
of (|3.3I) . The operator A is well defined from [a,0] to [a,0\ and A is monotone 
nondecreasing on [a,/3]. Indeed, let r\ G [ct,0\ and define v = a — u. Thus, for all 
t G I we have 

-v"(t) + M 2 v{t) + (a" + f(t, a)) = - [f(t, V ) - /(*, a) + M 2 ( V - a)] 

< 0. 

Hence, by Theorem l2.1[ it follows that v < 0, which shows a < u on /. Similarly, 
we get that u < f3 on /. 

To show the monotonicity of A, let r]i, r/2 S such that 771 < 772- Let 

A71 = lii and A772 = U2- Setting w = u\ — u-i and using (Ai) , we get 

-w"(t) + M 2 w(t) < 0, w(0) = w(2n), w'(0) = w'(2tt). 

Hence, by Corollary |2.2[ we have w(t) < and this implies that A is monotone 
on [a, /?]. 

We now define {a„}, {/?«} with «o = a, /3o — by 

= ^4a„, f3 n +i = Af3 n . 

Then we have 

a = a < ... < a n < ... < /3„ < ... < /3 = 0, t e I. 
It then follows, by using standard argument [3], that lim a n (t) = <p(t) and 

n ^00 

lim /3 n (t) = tj){t) uniformly and monotonically on /, and that (f> and ip are the 

n >oo 

minimal and maximal solutions of (|3.1|) . respectively. This completes the proof. □ 
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